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This paper considers verification of non-deterministic higher-order functional programs. Our contribution
is a novel type system in which the types are used to express and verify (conditional) safety, termination,
non-safety, and non-termination properties in the presence of V-3 branching behavior due to non-determinism.
For instance, the judgement + e : {u:int | ng(u)}vv says that every evaluation of e either diverges or reduces
to some integer u satisfying ¢(u), whereas + e : {u:int | ¢(u)}3v says that there exists an evaluation of e
that either diverges or reduces to some integer u satisfying (). Note that the former is a safety property
whereas the latter is a counterexample to a (conditional) termination property. Following the recent work on
type-based verification methods for deterministic higher-order functional programs, we formalize the idea on
the foundation of dependent refinement types, thereby allowing the type system to express and verify rich
properties involving program values, branching behaviors, and the combination thereof.

Our type system is able to seamlessly combine deductions of both universal and existential facts within
a unified framework, paving the way for an exciting opportunity for new type-based verification methods
that combine both universal and existential reasoning. For example, our system can prove the existence of a
path violating some safety property from a proof of termination that uses a well-foundedness termination
argument. We prove that our type system is sound and relatively complete, and further, thanks to having both

modes of non-determinism, we show that our types are closed under complement.
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1 INTRODUCTION

Recent years have seen remarkable advances in automated (and semi-automated) methods for
verifying higher-order functional programs. Powerful verification methods have emerged for various
important classes of properties, including safety properties [Jhala et al. 2011; Kobayashi et al. 2011;
Ong and Ramsay 2011; Rondon et al. 2008; Terauchi 2010; Unno and Kobayashi 2009; Unno et al.

Authors’ addresses: Hiroshi Unno, Computer Science, University of Tsukuba, Japan, uhiro@cs.tsukuba.ac.jp; Yuki Satake,
Computer Science, University of Tsukuba, Japan, satake@logic.cs.tsukuba.ac.jp; Tachio Terauchi, Computer Science and
Engineering, Waseda University, Japan, terauchi@waseda.jp.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and
the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored.
Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2018 Association for Computing Machinery.

2475-1421/2018/1-ART12

https://doi.org/10.1145/3158100

Proceedings of the ACM on Programming Languages, Vol. 2, No. POPL, Article 12. Publication date: January 2018.



https://doi.org/10.1145/3158100
https://doi.org/10.1145/3158100

12:2 Hiroshi Unno, Yuki Satake, and Tachio Terauchi

2013; Zhu and Jagannathan 2013; Zhu et al. 2015], termination [Kuwahara et al. 2014; Vazou et al.
2014], non-termination [Hashimoto and Unno 2015; Kuwahara et al. 2015], and properties expressed
in temporal logics such as LTL and linear modal p-calculus [Koskinen and Terauchi 2014; Murase
et al. 2016].

However, the existing proposals are quite disparate in that they employ rather different techniques
to verify the different classes of properties. For instance, the termination verification proposed in
[Kuwahara et al. 2014] and the linear modal p-calculus verification proposed in [Murase et al. 2016]
use program transformation to iteratively convert the verification problem to a (binary) reachability
problem [Cook et al. 2007, 2006] which is checked by a dependent-refinement-type-based safety
property verifier such as [Unno et al. 2013], whereas the non-termination verification of [Kuwahara
et al. 2015] uses predicate abstraction to iteratively build over and under approximations to reduce
the problem to that of higher-order model checking [Kobayashi 2009; Ong 2006]. (Recall that the
termination property asks that every evaluation of the given program terminates, whereas the
non-termination property is its converse and checks that the given program has a non-terminating
evaluation.)

It is our belief that the disparity partly comes from the fact that each class of properties concerns
only one side of non-determinism. That is, while properties such as safety and termination (and,
more generally, any linear properties) only ask that a certain fact holds for every run of the program,
properties such as non-termination only ask whether there exists a run that satisfies a certain fact.
Likewise, the disparity between safety and termination can be understood as the difference due to
the former asking that every value that can be obtained as the final result satisfies a certain fact
whereas the latter asking that there exists a value that can be obtained as the final result (for every
run, in both cases).

In the present paper, we take a step toward a more unified reasoning framework. Our contribution
is a novel type system that can express and verify both universal and existential behavior of the
program. Following the recent trend [Kobayashi et al. 2011; Koskinen and Terauchi 2014; Rondon
et al. 2008; Terauchi 2010; Unno and Kobayashi 2009; Unno et al. 2013; Vazou et al. 2014; Zhu
and Jagannathan 2013; Zhu et al. 2015], we formalize our approach as a dependent refinement type
system. A dependent refinement type system allows types to embed predicates on program values,
thereby allowing precise type-based value-and-path-sensitive reasoning.

To support both modes of non-determinism, we qualify the types with “Y” and “3” at appropriate
places. Specifically, each type is qualified with one of the four modes Q;Q; where Q; is either ¥V
or  (for i € {1,2}). Roughly, Q; specifies whether the fact expressed by the type holds for every
evaluation of the expression being typed (Q; = V) or there exists an evaluation for which the fact
holds (Q; = ), and Q, says whether the fact holds for every value obtained as the result of the
evaluation (Q, = V) or there exists a final value for which the fact holds (Q, = 3). For example,
{u:int | u > 0}"" is the type of expressions satisfying the property that every evaluation of the ex-
pression either diverges or reduces to a positive integer value, whereas {u:int | u > 0} is the type
of expressions that always terminate and reduce to a positive integer value, and {u:int | u > 0}77
is the type of expressions such that there exists an evaluation of the expression that reduces to
a positive value. To also cope with non-determinism from program inputs (i.e., whether the pro-
gram should behave in a certain way for every input or for some input), we further qualify the
bindings in the type environment and the arguments of function types by V or 3. For example,
(x:"int) = {u:int | u > x}" is the type of functions that, given any integer argument x, always
returns some integer u greater than x. Likewise, (x :7 int) — {u:int | u > x}"7 is the type of
functions where there exists an integer argument x such that every evaluation of the function with

Proceedings of the ACM on Programming Languages, Vol. 2, No. POPL, Article 12. Publication date: January 2018.



Relatively Complete Refinement Type System for Verification of Higher-Order ... 12:3

the argument returns some integer u greater than x. The modes exhibit a natural form of duality,
thatis,V =3,3 =V and 0,0, = (0:)(0,).!

The types enable a seamless combination of both universal and existential reasoning within a
single deduction system. To our knowledge, such a combination has not been fully explored in the
program verification literature, especially in the presence of higher-order functions (cf. Section 7
for further discussion). We briefly demonstrate the power of the combined reasoning by examples
in Section 2. We defer a more detailed exposition to the later sections of the paper.

We show that our type system enjoys a number of desirable meta-theoretic properties. First,
thanks to the duality property, the types are closed under complement. More precisely, for any
type o, there is a (syntactically definable) complement type —o that satisfies [o] N [-o] = 0 and
[o] U [-c] = [T] where T is the simple type that o and —o refine. Here, [o] denotes the semantics
of the type ¢ and is, roughly, the set of expressions that behave according to o (cf. Section 5 for
details). As an example, let crf;c = (x:"int) - {u:int | u = x}"". Then, [[0'5;]] is the set of functions
that takes an integer argument and either diverges or returns the given integer. The complement
ﬂof;c is (x:7int) — {u:int | u # x}77, and [[—'Gf;c]] is the set of functions where there exists an
integer argument and an evaluation of the function that returns a different integer value from
the given argument. Indeed, [[O'fﬂ] N [[—'05;]] = 0 and [Gg]] u [[ﬂaf;cﬂ = [int — int], where
[int — int] is the set of partial (non-deterministic) functions from integers to integers.”

We also show that our type system is sound and relatively complete. Soundness says that if the
type judgement I + e : ¢ is derivable, then e € [T + o], where [T + o] is the semantics of the type
o under the type environment I (cf. Theorem 6.12). Conversely, completeness says that e € [T + o]
implies that T + e : o is derivable (cf. Theorem 6.25). As expected, the completeness result is relative
to the assumption that the background theory for refinement predicates is sufficiently expressible
to encode arbitrary functions definable in the target programming language [Damm and Josko
1983; German et al. 1983, 1989; Goerdt 1985; Honda et al. 2006; Olderog 1984; Reus and Streicher
2011; Unno et al. 2013]. Additionally, we need to assume that the background theory is sufficiently
expressible to handle termination of non-deterministic programs. As usual for type systems of this
kind, soundness is an imperative requirement that ensures the veracity of the verification result,
while completeness says that, at least in theory, the verification system is as precise as possible.

We summarize the main contributions of the paper below.

e We present a novel type system for verification of non-deterministic higher-order functional
programs. The type system facilitates combined universal and existential reasoning, and is
able to verify rich classes of properties including (conditional) safety, non-safety, termination,
and non-termination.

e We show that the type system enjoys desirable meta-theoretic properties. Specifically, we
show that the type system is sound and relatively complete, and that the types are closed
under complement.

The rest of the paper is organized as follows. In Section 2, we give an informal overview of the
type system by examples, focusing on the combined reasoning aspect. Section 3 formalizes the
target programming language, and Section 4 and Section 5 formally present the type system. For
exposition, we split the presentation in two parts so that we first present a simpler type system
that is sound but incomplete in Section 4 and then describe the relatively-complete full type system
in Section 5. The simpler system lacks the intricacies that are needed for relative completeness,
such as Godel encoding of function-type values and intersection and union types. However, it is
suited for conveying the essence of how universal and existential reasoning can be integrated in

1We refer to Section 4 for the formal definition of the types.
ZTechnically, for relative completeness, we need to restrict the domain of functions to the definable ones (cf. Section 6).
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€(a) €(b) €(c)
let rec f x y = let rec f xy = let rec app f x =
if x <=y then if x <=y then if x > 0 then
0 Q app f (x-1)
else else else
f (x-1)y let w = * in f x
in if w > x then in
let x = 10%x%x9 in f (x-1) vy let rec g x =
let y = 0 in else if x = @ then
let z = % in fxy O
(fxy) +z in else
let x = 10%x9 in app g X
let y = 0 in in
let z = * in let b = % in
(fxy) +z if b then g (-1)
else ()
{uzint |u = 1}737 {uzint | u = 1}77 {uunit | L}

Fig. 1. Examples and the corresponding properties

a type system. Section 6 discusses the meta-theoretic properties of the type system. We discuss
related work in Section 7, and conclude the paper in Section 8. Omitted proofs are given in the
extended version of this paper [Unno et al. 2017].

2 INFORMAL OVERVIEW

We give an informal overview of the type system, with the focus on demonstrating the power of
combined universal and existential reasoning.

Example 2.1. Consider the program e, shown in Fig. 1, written in an OCaml like syntax. The
program calls the function f with the argument x set to 10° and y set to 0, and adds a non-
deterministic integer value z to the returned result. Here, the expression * evaluates to a non-
deterministic integer. We would like to prove that there exists an evaluation of the program that
results in the final value of 1. The property is expressed by the type {u:int | u = 1}77. Therefore,
we would like derive the judgement + e, : {u:int | u = 1377, To do this, we first derive that f has
the following type o¢va.

opa 2 (x:7int) - (y:"{uzint | u < x}) - {w:int | u = 0}73
The type says that the function, given any arguments x and y such that y < x, always terminates and
returns 0. Note that this is a conditional termination property. As we shall show in more detail later in
the paper, such a derivation can be done by using the well-founded relation x > x’ Ay =y’ Ax >y
and the typing rule T-TotAL (cf. Fig. 5).
Then, by applying the subtyping rule T-Sus (cf. Fig. 5), we derive
T'rf:opa T Fopa <iom
I'tf:opma

(T-Sus)

where I' is the type environment at the sub-derivation and o¢=3 is the following type.

o 2 (x:7int) = (y:"{u:int | u < x}) = {u:int | u = 0}73
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The type says that, given any arguments x and y such that y < x, there is an evaluation of the
function that results in the return value of 0. Indeed, the property holds for any function having
the type opva. Using 013, we derive the type {u:int | u = 0}7 for the function application f x y
(cf. T-AppY in Fig. 5). From this and the rule T-RND for typing non-deterministic choices, we
obtain the type {u:int | u = 1}77 for the whole program. The type system handles existential
non-deterministic choices by the Skolemization technique (cf. T-SkoLEM in Fig. 5). Roughly, the
technique synthesizes a predicate that specifies a sufficient condition for the existential bound
variable to be used universally in the context, and checks the non-emptiness of the bound type
conditioned on the predicate and the current typing context. In the case of this example, we have
the existential variable binding z:{u:int | T}, where T represents tautology. We synthesize the
Skolemization predicate ¢(z) = z = 1, and check the non-emptiness of 3z.T A ¢(z) (which holds
trivially). A

The example above demonstrates the application of (conditional) termination verification, which
proves that for every inputs (satisfying a certain condition) the function terminates and reduces to
a certain value, to prove the existence of an evaluation satisfying a certain property. Importantly,
the termination verification only requires a quite simple well-foundedness termination argument.
Note that verifying the example by more standard methods such as state space exploration and
testing can be much more costly, because such methods would go through one billion recursive
function calls in order to discover an evaluation path reaching the program output.

Example 2.2. Next, we consider the program e(;) shown in Fig. 1. The program is a modification of
e()- The function f now has an additional control path so that, when x >y, it non-deterministically
chooses an integer value for w and calls f (x — 1) y if w > x or calls f x y otherwise. The program
still satisfies the property {u:int | u = 1}7 because, starting from x = 10° and y = 0, there exists
an evaluation path of the function that leads to the return value of 0. To verify the property, the
type system derives the type o¢=3 for the modified f.

The derivation of o¢aa for f is similar to that of deriving the type opa for the unmodified f
in Example 2.1, and it is done by the application of T-ToTAL. It may use the same well-founded
relation x > x’ Ay =y’ A x > y, except that we now must handle the internal non-deterministic
choice in the function. The latter is done by T-RND and the Skolemization of the existential binding
w:3{u:int | T} with the predicate ¢(x,w) = w > x. Then, using the type o2 for f, we derive the
type {u:int | u = 1}7 for the whole program in the same way as in Example 2.1. A

In Example 2.2, the modified f has an internal non-determinism that needs to be properly handled
to derive the target property. The example demonstrates the ability of the type system to combine
reasoning via well-foundedness termination argument and existential non-determinism. As result,
we obtain a succinct proof of the existence of a non-trivial evaluation path.

Example 2.3. Next, we consider the program e shown in Fig. 1, which is adopted from [Kuwa-
hara et al. 2014]. It contains a higher-order recursive function app and a recursive function g. We
would like to verify that the program has the type {u:unit | 1}77. Here, L represents contradiction.
Therefore, the type specifies that there exists a non-terminating evaluation, that is, it expresses
the (unconditional) non-termination property. Indeed, the program satisfies the property because
the evaluation of the function application g n with any negative integer n induces the following
infinite sequence of function calls: gn —* appgn —*gn =" ....

In order to derive the judgement + e() : {u:unit | 1}7Y, we derive the following types gapp and
o for app and g, respectively.

(x:"{u:int | u < 0}) = {w:unit | L}"7

(f:Y (x:{uzint | u < 0}) = {uw:unit | L}7Y) = {u:unit | L)Y

Og

1> 1>

Oapp
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(expressions) e : x|n|vopv, | ifz v thene; elsee;

rec(f,x,e) |vi vy | letx =€ ine; | letx =« 1ine

(values) v x| n|rec(f,x,e)v
(simple types) T = int|T; - T,
(simple type environments) Ax= 0| Ax:T
Fig. 2. The syntax of L.
€
n1 op ny — [op] (n1,n2) (E-Op) letx=vine — [v/x]e (E-LETV)
ifz 0 then e, else ey —> e; (E-IrZ) o o
- ! (E-LET)

n+0

(E-IFNZ) letx =e; ine; S letx = ejin e

. €
ifznthene; elsee; — ey .

e=e (E-ReFL)
Ix] = [0
—— — — (E-Arp) o 7
rec(f.%.e) B~ [rec(f.%.e)/f.5/F]e D778 2778 (ETran)
ni-ny
let x = x ine — [n/x]e (E-RnD) &= e

Fig. 3. The operational semantics of L.

The derivation of the function types are done by the applications of the rule T-PARTIAL (cf. Fig. 5).
Note that the types express safety properties. For instance, oy says that the function always diverges
given any negative integer argument. Equipped with these types for g and app, we derive the
desired type {u:unit | 1}7" for the program. This involves applying T-RND, and the Skolemization
of the existential binding b:? {u:bool | T} with the predicate #(b) £ b = true. A

Example 2.3 demonstrates how our type system allows proofs of safety properties to be used
for proving non-termination. While such a combination has been observed previously [Chen et al.
2014; Kuwahara et al. 2015], to our knowledge, our work is the first to realize the combination in a
unified framework of a type system.

3 PRELIMINARIES

In this section, we introduce a simple higher-order strict functional language with non-determinism,
L, which is the target of our refinement type system. Fig. 2 shows the syntax of L. Here, x is a
meta-variable ranging over variables, and n represents integer constants. X represents a sequence
of variables. We write € for the empty sequence and |x| for the length of X. For simplicity, our
language has only integers as a base type. The symbol op ranges over binary integer operators and
is either the integer addition + or the integer multiplication X. An expression rec(f,x,e) represents
a (possibly recursive) function f with arguments x and a body e. We here assume that |x| # 0. An
expression let x = * in e generates a random integer n and evaluates e with x bound to n, and
is the only source of (internal) non-determinism. The value rec(f,x,e) v represents a function
closure where |0] < |x]. We write fus(e) for the set of free variables that occur in e. We say that e is
closed if fvs(e) = 0.
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(qualified types) o := ¢ > 79
(dependent refinement types) 7 := {x|¢}| (x:971) =0
(type environments) T:= 0|T, x:9r

Fig. 4. The syntax of refinement types.

We assume that the expressions are simply-typed. Also, to simplify the proof of relative com-
pleteness (cf. Section 6.3), we assume that the sub-expressions e; and e, of ifz v then e; else e,
rec(f,x,e;), let x = e in e;, and let x = * in e; only evaluate to integers. This does not lose
generality because an arbitrary program can be converted to such a form by, for example, the
continuation-passing style (CPS) transformation.’

Fig. 3 shows the call-by-value operational semantics of the language. Here, e - ¢’ means that e
is reduced to e’ in one step with n = n if an integer n is randomly generated during the reduction

and n = € if the reduction is deterministic. The multi-step reduction relation e = ¢’ means that
e is reduced to e’ in zero or more number of steps and 7 is the sequence of integers randomly
generated during the reduction.

The evaluation rules are mostly self-explanatory. We comment on the less standard rules. In
E-RND, the expression let x = * in e is reduced to [n/x] e for a randomly generated integer n. In
E-op, [+] and [X] respectively represent the integer addition and multiplication. The evaluation
relation satisfies the following property.

n n € €
PROPOSITION 3.1. Ife = e; and e = ey, then e; = e, ore; = ey.

4 REFINEMENT TYPE SYSTEM

We present our refinement type system. For exposition, we present a simpler type system that is
sound but incomplete in this section, and then describe the relatively-complete full type system in
Section 5. The simpler system lacks the intricacy that are needed for relative completeness, such as
Godel encoding of function-type values and intersection and union types. However, it is suited
for conveying the essence of how universal and existential reasoning can be integrated in a type
system.

Fig. 4 shows the syntax of refinement types. Here, Q is either V or 3. A refinement base type
{x | #}, equipped with a refinement predicate ¢, represents the type of integers x that satisfy
$. Here, ¢ is an integer arithmetic formula.* We write T and 1 respectively for tautology and
contradiction. We write |= ¢ when ¢ is valid. We often abbreviate {x | ¢} as int when ¢ is valid
(e.g., {x | T} = int). The type (x:7) — o is a dependent function type, consisting of the argument
type 7 and the return type o. It represents a type of functions that, given any argument x of the
type 7, behave according to the type o. By contrast, the dependent function type (x:77) — o with
the existentially bound argument is the type of functions that, given some argument x of the type 7,
behave according to o. We sometimes abbreviate (x:Y7) — o as 7 — o if x does not occur in ¢. In
(x:"7) - o and (x:77) — o, the variable x is interpreted as integers in the refinement predicates
in o, even when the argument type 7 is a function type. In the latter, the passed functions are
assumed to be encoded as integers (cf. Section 5.1). We let o range over types qualified by the Y-3

3 An analogous assumption is used in the previous work on higher-order program verification [Kobayashi 2009; Terauchi
2010; Unno et al. 2013].

4For relative completeness, we require that the background theory of refinement predicates is second-order Peano arithmetic,
but any subset (e.g., quantifier-free first-order theory of linear arithmetic) is sufficient for soundness.
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modes. A qualified type is also equipped with a logical formula ¢, which we call a guard. We often
abbreviate ¢ > 79192 as 79192 when ¢ is T. Later in Section 5, we extend ¢ to range over guarded
intersection and union types. For this section, it is safe to assume that guard formulas are always T,
except for the return type of the function at the typing rule T-TotaL where the formula is used
to express the well-foundedness condition (cf. Section 4.1). We often write ty(r) (resp. ty(c)) for
the simple type obtained from 7 (resp. ) by removing refinement predicates, qualifiers, guards,
intersections, and unions.

We write fvs(r) and fvs(o) for the set of free variables of 7 and o respectively, which are defined
inductively as shown below.

fos({x [ ¢}) = fus(¢) \ {x}
fos((x:97) > 0) = fus(r) U (fus(o) \ {x})
fus(p > 199%) £ fus(h) U fus(r)

Note that the scope of x in {x | ¢} is ¢, and the scope of x in (x:97) — o is o (but not 7).

We define the order C among the qualifiers as follows: Q3 E QV and VQ E 3Q for any Q. Note
that ({VV,¥3,3¥,33},C) is a lattice. The order is used to formalize the subtyping relationship
(cf. Section 4.1). The intuition behind the order can be understood as follows: total correctness
types can be used as partial correctness types and demonic types can be used as angelic types. Note
that V3 is the strongest element, and we often abbreviate "Jast.

We remark that a value can always be assigned the qualifier V3 because it is pure, i.e., it never
causes non-termination or non-determinism. Note also that, because our target language L is strict,
an argument passed to a function is always a value. Therefore, they too can be safely assumed to be
qualified by V3. This is why the function argument types and the types bound in type environments
do not carry qualifiers (i.e., they are of the form x:€ 7 rather than x:9 o). Also, a partial application
rec(f,x,e) v (i.e., where || < |x]|) is a value and is pure. Then, because function bodies only
evaluate to integers, each function can be assigned a type of the form (x;:97;) — (- -+ = ((x,: 97
Tm) — 0)¥3---)¥3 where o is a (qualified and guarded) refinement base type. We often abbreviate

the type as (x:€7) — o, where X = x,- - ,Xm, T = Ty, ,Tmm, and é = Q1, -+ ,Om. In what
follows, we assume that 7 in ¢ > 79192 is of the form {x | ¢}.

As usual, we assume that the variables bound in a type environment are distinct. We write I', ¢
for I,v:" {v | ¢} where v is fresh. We define dom(T') = {x | x:9 7 € T}, and write I'(x) = r if
x:97 € I'. We also use A as a meta-variable ranging over type environments that do not contain an
existential binding x:7 7 (and use I to range over type environments that contain or do not contain
existential bindings).

4.1 Typing Rules

Fig. 5 shows the typing and subtyping rules. A typing judgement I F e : ¢ means that an expression
e has a type o under a type environment I'. A subtyping judgement I' + o; <: 0y means that oy is a
subtype of o3 under T'.

In Fig. 6, the auxiliary functions | + ¢ |, [F x : 7] and |+ x : o] return an arithmetic formula.
Intuitively, |T + ¢ | holds if ¢ is valid for any valuation of the variables conforming to I' whereas
LF x : 7] (resp. |+ x : o]) represents the condition for x to satisfy the property denoted by 7 (resp.
0). Roughly, these functions provide Godel encodings of the denotational semantics of the types
(cf. Section 5.2). The formal definition of the notations | e, x |, ev(x,y), valr(x), exp;(x), and
app(x,y) are deferred to Section 5.1 (|| ]| is used in the definition of the auxiliary function |v] in
Fig. 6). Roughly, || e]] is the encoding function for expressions, x |} is the predicate which states that
the expression encoded by x terminates, ev(x,y) says that the expression encoded by x evaluates
to the value encoded by y, valr(x) (resp. exp;(x)) represents that x encodes an L-definable value
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T = *:07) — QY Ax:Qint ke : 79 x ¢ fus(t) (LR)
A,)?:Q?,f:vff!-e:TQV AFletx =%ine: 79 RND
A 70 (T-PARTIAL)
Frec(f,x,e):t
f = [AxTr g{)J
’_ (7.0 no3 Ax:"t,9,T+e:o
7= T:97T) > ¢ > (r )< — ¢1“ . (T-SKOLEM)
T = (;:Q}') — TQH =4 @':Q?’) - (T/)QH X "T,l Fe:o
XIn{y} =0 fvs(¢p) C (Qj)?,y}vu dom(A){)23 Abe:o Abol <o T
= | A+ WF(Axy. AXECT, 't re: -Sus
E LA+ WRORTH)] AFOT f¥e rest Py
A rec(f,x,e): 7
(T-Totar) E [AF¢2= 61| Aot o1 <oy (S-GuarD)
A :
Arv:(xi"1) >0 Avrovy:t (T-ApeY) A
~App , ,
AF v vy [loa] /x]o Arbn <z Q101 E Q20 (S-QuaL)
A 0107 . Q0
Arv:(x:1) >0 Fop o <1
— v —
[px el e L] (T-Arp3) ElAF6 = i (s-In7)
AT ko vy [lva] /x]o Ar{v]¢gi} < {v]|¢a}
ty(A(x)) =int (T VINT) Arm<im A,x:ng F oy <:0p (S F V\{)
- -FunN
Arx:{v]v=xj AF(x:"1) = oy <t (x:" 1) = oy
ty(A(x)) # int (T-VFux) ArT<imy ArT <1y
A+ x:A(x) Ax 3T oy <oy
A o) Tn) (S-Funv3)
+ : - <: : -
Abn:ix|x=n) (TInr) O VTSR o
A+ : Ax:'r b :
Aroy:int  Aroy:int nen T RTA TR S pundd)

T-Op :3 : :3
Arvpopoy:{x|x= (v opvs)} ( ) AFTn) oo < () > o

A/ = A,x1 ZVTI,Xziv’l'z,ylIle,yzivTZ
EIANFrxi=x Ay =1y = x1 =11
(T-Ir) A,x:vfl,yzvrz,x =yt o <0y

Arov:int
Av=0Fre :0 Av#0rey: o

A+ ifzovtheney elseey: o gd)’Q:f_){VW}QQ
010, A,x:vrl,y:arz,xiyl—al <:0.3
y AI—eQ1 'QT1 Ay o,x 3, x £y rory <oy
Ax:"1 Fey: T, x ¢ fvs(r:
R frs(r.) (T-Let) Ar (xn) = 01 <: (') = 0
Arletx=e ine: 7o' (S-FunaY)

Fig. 5. The derivation rules of T + e : 0 and I’ + 01 <: o2 (except those for intersections and unions).

(resp. expression) of the simple type T, and app(x, y) returns the integer that encodes the application
of the function expression encoded by x to the value encoded by y. Note that the encoding function
Lv] for values does nothing if v is an integer value.

We describe the typing rules. The rule T-PARTIAL (resp. T-ToTAL) assigns a partial (resp. total)
correctness type to a recursive function f. T-PARTIAL is the standard rule for typing recursive
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OF @] =¢ Ll—x:(r,VH)szU/\[l—x:TWJ
[F,x:vf F ¢J = TrVYx(lFx:tl=¢)] |Fx:(r,W)] =Vy.(ev(x,y) = |Fy: 7))
[ILxdrrg) = [Trac(rx:cing)] rx:@IDI=Ty(eviry) Alry:7])
lFx: (v g} = [x/v]¢ L-x s (2,3Y)] = ~(xl) v [Fx: o

Li— X: ((V:QT) - (T)J = valy(r50)(x) A lV:QT FVr.(r =app(x,v) = [Fr: GJ)J

b_ x (¢ > TQlQZ)J = eXp[y(T)(x) A (gf) = |Fx: (T,Q1Q2)J)

o] v (if v is an integer value)

vl =
lo]]  (otherwise)

Fig. 6. The auxiliary functions for the typing rules.

functions, and as expected, it ensures partial correctness. By contrast, T-TOTAL requires that the
pair of the arguments x passed to a call to f and those y passed to its recursive call is included in a
well-founded relation in order to guarantee termination. We call a predicate p = Ax.¢ well-founded
and write WF(p), if the arity of p is 2 X n for some n and there is no infinite sequence t;,1;,. . .
such that [t;| = n and p(t;,;41) holds for all i > 1. Also, we write 7; =, 7, if 7; and 7, are alpha
equivalent. Let us consider the following expression as an example:

esun = rec(sum,x,ifz x then 0 else letr =sum (x — 1) inx +r)

We can derive the judgement + esyp : {x | x >0} — {y|y > x}VH because we can derive Ty, F
letr=sum(x—1)inx+r:{y|y>x}"" for

Toun 2 x:"{x [ x> 0} ,sum:" {x’ [ x" >0} > x>x' >0 {y' |y >x'} T ,x#0

and = WF(A(x,x").x > x" > 0). The rule is analogous to those proposed previously for asserting
termination in dependent-refinement type systems [Vazou et al. 2014; Xi 2001].

In the rule T-LET, the qualifiers of the types of the consecutively executed expressions e; and
e; must coincide, and the variable x which stores the value of e; is always bound universally. By
contrast, in the rule T-RND, the variable x which stores the randomly generated integer is allowed
to be bound existentially, assuming that the qualifier of the type of the body e is of the form 3Q.
For example, the derivation of x:”int - lety = * inx +y: {v | v = 0}7 has the following root.

x:vint,yzaint Fx+y:{v|v= 0}33

x:7intrlety = *inx+y:{v|v =0}

As we shall show below, the antecedent x :” int,x :7 intFx+y: {v|v= 0}77 can be derived by
applying the T-SKoLEM rule.

T-AprpY and T-App3 are rules for function applications v; v;. T-APPY is the standard rule for
function applications in dependent refinement type systems (see, e.g., [Rondon et al. 2008; Terauchi
2010; Unno and Kobayashi 2009]). Recall that the notation | v] denotes the encoding of the value v.
By contrast, T-Appd is a non-standard rule introduced for handling function types (x:77) — &
with the existential binding. For the sake of exposition, assume here that I" only contains existential
bindings. Then, roughly, the antecedent |= [A,x:V ., T+tx= vaJJ says that for any valuation

conforming to the type environment A,x:Y 7, we can select some valuation of the existentially
bound variables in I' such that |v;| becomes equivalent to the valuation of x. That is, it checks
if every value of 7 can be obtained by selecting the values of existentially bound variables in
I'. If the check succeeds, the rule concludes that v; v, has the type [|v2] /x]o. For example, let
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exlety = *in fyand A £ f:¥(x:7int) - {z| L}?". The type of f says that there is an
integer n such that f n may diverge. By T-RND and T-Aprd, we have

Ar f:(x:dint) > {z| 1} [A,x:vint,y:aint Fx= yJ

Ay Tintr fy:{z| L)Y
Are:{z]| L1}

Because |= [A,x:v in‘c,y:3 inttx = yJ holds, we can conclude that e also has the type {z | 137
and therefore may diverge. Note that if the type of f were (x:7int) — {z | 1}"" instead, T-RND
would not allow e to have the incorrect type {z | 1}"" saying that e always diverges.

The rule T-SkoLEM skolemizes an existentially bound variable x:7 7 in the type environment,
which may be introduced by the rules T-PARTIAL, T-TOTAL, and T-RND. As remarked in Section 2, the
rule introduces a Skolemization predicate ¢ that specifies a sufficient condition for the existentially
bound variable to be used universally in the context (which is expressed by the antecedent A, x:"
7,¢,T e : 0), and checks the non-emptiness of the bound type conditioned on the predicate and
the current typing context (expressed by the antecedent |= [A,x:3 Tk qSJ ). For example, x:" int,y:7
intrx+y:{z|z= 0}77 from the above discussion is derivable by using T-SkoLEM because
= [x:vint,yzaint Fy= —xJ and x:"int,y:"int,y = —x F x +y : {z | z = 0}
Note that we need to apply the Skolemization rule eagerly before we apply the other rules because
it requires the type environment A to contain no existential binding.’

The rule T-SuB weakens a type assigned to an expression into a subtype. The rule S-GUARD can be
used to eliminate the guard of types introduced by T-TotaL. The rule S-QUAL changes the qualifier of
types according to the order E. The rules S-INT and S-FUNVV are standard and adopted from the pre-
vious work on dependent refinement types for partial correctness [Rondon et al. 2008; Terauchi 2010;
Unno and Kobayashi 2009]. The subtyping rules S-FunV3d, S-Fun33, and S-Fun3Y are for deriving
subtyping judgements related to function types that handle function types (x:77) — ¢ with the ex-
istential binding. In the rule S-Fun3V, the antecedent |= |A’ F x; = x2 A y1 = y2 = x; = yp | checks
that the intersection of the sets of values represented by 7; and 7, is empty or singleton, and o, 3
(resp. or,v) denotes the empty set (resp. the set of all the expressions whose simple type is ty(o2)).

are derivable.

For example, we can derive  (x:7 {x | x 2 0}) = {y |y =x}"" <: (x:7int) - {y |y = 0}" by
S-FunAA, F (Y {x x> 0}) - {y]y=x}"T <« xF{x | x < 1)) - {y]|y=1}"" by S-Funv3,
andF (x 3 {x|x=1}) > {y|ly=0}"" <t (x:"{x |x=1vx=2}) > {y|x=1=y=0"" by
S-Fun3V. These rules are useful for adjusting the types of function arguments and free variables
that are provided by external environments.

4.2 Examples

We show the type derivations of Examples 2.1, 2.2 and 2.3. The examples are desugared as follows.

e = let f =rec(f, (x,y),e{a)) in

letx =10#x9inlety=0inletz=*inletw=fxinletw =wyinw' +z
ew) = let f =rec(f, (x,y),e{b)) in

letx =10#x9inlety=0inletz=%inletw=fxinletw =wyinw' +z
ey = let app = rec(app, f x,espp) in let g = rec(g,x,eg) in

letb=xinifz b theng(-1) else0

5Though we could design the type system based on a lazy Skolemization approach, the Skolemization rule must be anyway
applied before we type-check expressions consisting of multiple sub-expressions so that we can synchronize the valuation
of existentially bound variables across the sub-expressions.
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where e{a), e{b), eapp and eg are the following expressions.
e(y * letv=x<yinifzothenoelse (letv=x-1inletf =foinf y)

letv=x<yin

ifz v then0

elseletw==xinletv=w>xin
ifzvthenletv=x-1inletf'=fovinf'yelseletf =fxinf’'y

.
€b)

eapp = letv=x>01inifzov thenapp f (x — 1) else fx

A

eg = letv=x=01inifzv then0elseapp gx

Here, Boolean values are encoded as integers. That is, for integers m, n and < € {<, <}, m[<] nis
defined to be the binary operation that returns 0 if m < n and returns 1 otherwise.

——— (T-VFun) o YAET (S-Qual)
Lk f:opa I Fopa <t opma
(T-SuB)
L+f:om
- T-SuB)
Dot wrz o ETL ;
“LE
O,z%int,z=1re/ , : ¢4
(@) " "€a)
- - e (T-SKOLEM)
Ii,z:7int + €a) " Tem
: I,z 3int F o) : rfmz')
x:int,y:int,f:ze b e{a) Au|u=0}"7 75 (T-RnD)

— 3 [
I Fletz==xin €a) * Teta

= L W) (T-TotaL) .
F rec(f, (x,y),e(fa)) s opa :

(T-LET)

(T-LET)

. 33
Fe) : Te(a)

Fig. 7. Type derivation of Example 2.1

Derivation of Example 2.1. Fig. 7 shows the derivation for Example 2.1. We focus only on the
key parts of the derivation. Here, we would like to type e(,) as ‘[e;('f), where 7, = {u|u=1}. As
shown in the lower part of the figure, we first deconstruct the let bindings f, x, and y by applying
the rule T-LET to the bodies three times.

Then, as shown in the left branch of the figure, we apply T-TotaL with the well-founded relation

A

plx,y,x",y’) £ x> x" Ay =y’ Ax = y to type the term rec(f, (x,y),e{a)) as ogva where ¢ =
(x":Vint) = (y':"int) = p(x,y.x",y’) > {u | u = 0}"7 (cf. Example 2.1 for the definition of
opa). Hence, f is also given the type o¢va. In the right branch, we apply T-RND to the judgement

I Fletz=x*in e(’a):rea(f),where
e(’a) 2 letw=fxinletw =wyinw' +z
A

I £ fropa,x:{u|u=10%9},y : {u | u =0}
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We now would like to deconstruct let binding w, however, the environment I},z:7int includes
an existential binding of z, so that we first apply T-SkoLEM and eliminate the existential binding
from the environment, as shown in the upper part of the figure.

Let I, be an environment I}, z:7int,z = 1. We apply subtyping rules to derive I} + f : o3 and
derive the judgement I, - e(a) 33

x:vint,yzv{ulugx},fzvrf, 1ntw>xke(b) {u|u=0}

(T-SkOLEM)

x:lint,y:"{u | u < x),F:Vre,wilint kel s {u | u =0}

(®)

x:'int,y:"{u|u < x},f:7¢ F let w=* in efl;)

x:vint,y: {fu|u<x}, £:Y rfke(b) {qu—O}

3 (T-RND)
(T-LeT)(T-IF)

:{ulu:O}3

(T-TotAL)
F rec(f, (x,y),e(b)) oM

Fig. 8. Type derivation of Example 2.2

Derivation of Example 2.2. The derivation of e() is similar to that of e(4) except for the derivation
of - rec(f, (x,y),e{b)) : o¢a3 (cf. Example 2.1 for the definition of o¢a3). Fig. 8 shows the key parts

of the derivation. We first apply T-TotaL to the judgement F rec(f, (x,y), e(fb)) : 0¢:3 and obtain

the judgement x:¥int,y:"{u |u < x},f: e ref, {ulu= 0} where 77 £ (x’:7int) — (y':Y

(b)
int) > (x>x'Ay=y' Ax>y)> {u|u=0}"

This is followed by the applications of T-LET and T-Ir. Here, e( is the following expression.

letv=w>xinifzvthenletv=x-1inletf ' =fovinf’'y
elseletf'=fxinf'y

In the then branch, we apply T-RND to deconstruct the let binding of w and apply T-SkoLEM with
respect to w. The rest of the derivation is analogous to Example 2.1.

T-INT
L3,b:"int,b=0,b# 0+ 0: fu|u=0}"" ETSUB))
Lybintb=0rg (-1 (] 1) Tybintb=0b20+0: (u] 1) (T-Ir)

Ly,b:"int,b =0 F ifz b theng (-1) else 0 : {u | L}77
I3,b:7int  ifz b theng (=1) else 0 : {u | L}77
L+ letb=xinifzbtheng(-1)else0: {u| L}

(T-SKOLEM)
(T-RnD)

Fig. 9. Type derivation of Example 2.3

Derivation of Example 2.3. Fig. 9 shows the key parts of the derivation for Example 2.3. Here,
I; £ app:Y Oapps & Y og. The derivation of the types o, for app and oy for g are standard and
omitted (cf. e.g., [Rondon et al. 2008; Terauchi 2010; Unno and Kobayashi 2009]).
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To derive I3 + let b =+ inifz b theng (—1) else 0 : {u | L}77, we first deconstruct the let
binding of b and apply T-SkoLEM with ¢ = b = 0. Next, we apply T-IF. In the left branch of the
derivation, we obtain the judgement I3,b:" int,b = 0 + g (—1) : {u | 1377 which is justified by
the types of g and app. In the right branch, we obtain the judgement G,b:Yint,b=0,b#0+0:
{u | L}7". Note that T-SuB can be applied because b =0Ab # 0 |= L.

5 RELATIVE COMPLETENESS EXTENSION

We present the relative completeness extension to the refinement type system. The key components
of the extension are Gddel encoding of function-type values (that was treated only informally in
Section 4) and guarded intersection and union types.

We extend the syntax of refinement types (cf. Fig. 4) by extending the qualified types o to guarded
intersection and union types:

(guarded intersection and union types) o := le /\j":'1 (gbl > Tl%jQij )

Here, we assume that {,mq,...,my > 1. We often omit \/f:1 if £ = 1, and omit \/f=1 Aj";'l if
¢ = my = 1. Note that the qualified types in the non-extended system are of the latter restricted form.
Note also that we can safely assume that ¢ is always of the form (x:97) — \/f:1 /\j":'1 (¢ij> Ti%j Qis )

or Vi, Nz (i & rgijQi’) such that ty(z;;) = int.

The union types are used to express the complement of intersection types, as shown later in this
section. On the other hand, the guarded intersection types allow the type system to collectively
express different behaviors of functions and expressions depending on their arguments and free
variables, and are essential for the proof of relative completeness (cf. Section 6.3) where such types
are used to build the strongest type ST(e; p) of an expression e with respect to given postconditions
p, whose formal definition is deferred to Section 5.1.

The notion of free variables are extended to intersection and union types as shown below.

€ m;j ¢ m;
fus \/ /\O'ij £ UUfVS(Uij)
i=1 j=1 i=1 j=1

Example 5.1. We can use a guarded intersection type to summarize (conditional) termination/non-
termination behavior of a function. The type

(x:int) > (x>0 int"™)A(x <o {y| L)) A(x=0>int)AGx=0>{y] L}

says functions of this type always terminate if the argument x is positive, always diverge if x is
negative, and otherwise, non-deterministically terminate or diverge. A

Next, we formally define the complement types. As discussed in Section 1, we define the comple-
ments of the qualifiers as follows: V = Jand 3 = V.
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Definition 5.2 (Complement Types). The complement type —o of ¢ is defined by:

- (TQQ’) £ (=) Q@)
(@ o) 2 (> x| L} A0
[ C  m;
=[\/ Aoy |=DNFl A \/ -0y
i=1 j=1 i=1 j=1
x| 4} = {x| ¢}

1>

—|((sz T) = 0)

where DNF transforms a given intersection and union type to the disjunctive normal form.

(x:97) - =0

Note here that = (¢ > ) can be interpreted as ¢ A —o because > means a (type-level) logical
implication. In the definition, the left-hand side ¢ of the intersection is represented as the guarded
type ¢ > {x | 1L}73. The complement - of a given type ¢ can be used to witness that a given
expression violates the specification represented by ¢. Thus, we believe complement types pave a
way to develop, in a future work, a verification method that simultaneously attempts a proof and
a refutation in a cooperative and unified manner. In Section 6.1, we show the correctness of the
definition, thereby showing that the types are closed under complement.

5.1 Encoding

Relative completeness for higher-order programs requires a means of precisely expressing properties
of function values (i.e., partial applications). Following the previous work [Damm and Josko 1983;
German et al. 1983, 1989; Goerdt 1985; Honda et al. 2006; Olderog 1984; Reus and Streicher 2011;
Unno et al. 2013], we accomplish this by Godel encoding. We remark that, as shown in [Unno et al.
2013], it is often possible to avoid explicit encoding in practice and that the encoding is unnecessary
for soundness.’

We use a meta-variable w to range over closed values. A value substitution 6 maps each variable
x € dom(0) to a closed value of the same simple type as x. We write 6(e) for e but with each
variable x replaced by 6(x). For an expression e and a closed value w, let EvaluatesTo(e,w) be the

condition 7. ¢ = w, and AlwaysTerminates(e) be the condition Yz € Z°.3n € Pref (r).Aw. e =
w where Z“ denotes the set of infinite sequences of integers and Pref(x) denotes the set of
finite prefixes of the infinite sequence x. Note that EvaluatesTo(e, w) means that there exists a
(terminating) evaluation of e that reduces to the closed value w, and AlwaysTerminates(e) means
that the evaluation of e always terminates. We define e ~ ¢’ by induction on the simple type of e
and e’ as follows: for any closed value w and substitution 6 with dom(8) = fvs(e) U fvs(e’),

o AlwaysTerminates(0(e)) & AlwaysTerminates(6(e’)),

e if s O(e) : int, EvaluatesTo(6(e),w) < EvaluatesTo(0(e’),w),

e ift+s O(e) : Ty — T, and EvaluatesTo(0(e),w), then there is w’ such that EvaluatesTo(6(e’), w’)
and w w” ~ w’w’’ for any closed value w”’ with s w” : T, and

e ift; O(e) : Ty = T» and EvaluatesTo(6(e’), w), then there is w’ such that EvaluatesTo(0(e), w’)
and w w” ~ w’w"’ for any closed value w”’ with ¢ w" : Ty.

Here, +; is the typing relation of the simple type system.
We are now ready to describe the encoding. We write | e|| for an integer term (in the theory of
second-order integer arithmetic) that encodes the expression e where fvs(||e]]) = fvs(e). We assume

Technically, without encoding, the meaning of soundness would be different for open programs with free function-type
variables as the variables would also range over non-definable functions.
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that if e ~ e’ then |= | e]] = ||¢’]|, which indicates that the quotient set of expressions induced by
the encoding is no more precise than the one induced by the equivalence relation ~. We write || 6]
(resp. [8]) for the integer substitution that maps each (possibly non-integer) variable x € dom(0)
to the integer || 8(x) || (resp. L0(x)]). (Recall the definition of |v] in Fig. 6.)

We assume that there exist a binary function app : Z X Z — Z, a binary relation ev C Z X Z, and
unary relations |}, valr,exp; C Z for each type T such that, for any expression e, a value v, and a
value substitution 8 where fvs(e) U fvs(v) € dom(0), the following conditions hold:

o = 100(e]) = [6e)]

o = app([0]([Lel),L0] (o)) = et x = 0(e) inx (O(v))]

o |=ev(|[0]|(lel]), 0] (Lv])) if and only if Aw.(EvaluatesTo(0(e),w) A w ~ 8(v))

o |= ||0](|le])){ if and only if AlwaysTerminates(6(e))

e |=valr (0] (lv])) ifand only if +s 8(v) : T

o |=expr(|l0](|le]))) if and only if 5 8(e) : T
Note that it follows from the conditions that |= ||x|| = x, £ [0] (Lv]) = [6(v)], and if |= |le; ]| =
|le2] then e; ~ e;. We write | e||f, meaning that e always diverges, as an abbreviation of the formula
—3dx.ev(| e]],x). Accordingly, we define AlwaysDiverges(e) by =3x.EvaluatesTo(e,x). We also write
app(x,y1,- - .,Ym) as an abbreviation of app(. .. (app(app(x,y1),y2),- - - ), Ym)-

We now formalize the strongest type ST(e; p) of an expression e with respect to given postcon-
ditions p, using the Godel encoding and the guarded intersection types. Let the simple type of e
be T — int. Note that, in our language, e is a function value if |T| # 0, and an integer expression
otherwise. Thus, ST(e; p1,. . .,pm) is defined as follows:

app(lle].X) > {v|ev(app(|le].X),v)}"",
app(|le.X) > {v|L1}"",

. —app(|le]. D)L A —app(|e]. DN > (v},

@D > A Av(evlapp(le] D) ApGEY) > (v pGEn)

Fv.(ev(app(|le],X),v) Apm(Fv)) B> (V] pm(E,v)}

Here, {v | ev(app(|le].X).v)}"" represents the strongest postcondition for the Y3 mode, and
the guard app(| e, x)ft and ~app(|e]|,X)| A —app(|le]],X)T for the postcondition {v | 1}*¥ and
{v | 1}7Y represent the weakest precondition for e to always diverge and non-deterministically
diverge, respectively. For each i € {1,...,m}, the guard Av.(ev(app(||e].X),v) Api(x,V)) represents
the weakest precondition of the given postcondition {v | p;(x, v)} A3 In Section 6.3, we use strongest
types to prove the relative completeness.

5.2 Denotational Semantics

We define the denotational semantics of types. The denotation [T + o] of a guarded intersection
and union type o under a type environment I' is the set of expressions defined as shown in Fig. 10.
The denotation [[z]] of a refinement type 7 is the set of closed values defined as follows:

[{x [ ¢}] = {n | = [n/x] ¢}
[x:97) = o] = {we [ty(r — )] | Q' € [e] ww’ € [[[w'] /x] o]}
Finally, the denotation [T] of a simple type T is the set of closed expressions defined as:

[T] £ {e|+se:T}
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11>

[0+ o] £ [o]

[[x:Qr,F Fo] 2 {e| Qwe [r].[w/x]e € [[Lw] /x]T + [Lw] /x] o]}
J o Amﬂ = (o]

>

[¢ > o] £if |= ¢ then [[O'ﬂ else [ty(o)]

[:2]

i

{e € [ty(r)] | Q17 € Z®.Qo1 € Pref(r).Qaw € {w

n
e = w} W€ [[T]]}
Fig. 10. The denotational semantics of types.

For a type environment A consisting of only universal bindings, we write 6 |= A if dom(6) = dom(A)
and 0(x) € [0(r)] for all (x:"7) € A.

The following are immediate from the definition of the denotational semantics.
PROPOSITION 5.3 (SUBJECT REDUCTION). We have
o Ifee [[TVQ]] and e - e’ thene e HTVQH.

o Ifec IITHQH and e is not a value, then e e e [[THQ]] for somen and ¢’.

PROPOSITION 5.4 (SUBJECT EXPANSION). Suppose that e He e [o]. If e1 = ez holds for any 1,

and e, such that e —> ey, then e € [o].

Next, we state several lemmas about the denotational semantics that we use to prove meta-
theoretic properties of the type system in Section 6.

LEMMA 5.5. The following two are equivalent:
ecec[ATFo]
e O(e) € [LO] (T) + LO] ()] for all value substitutions 0 with 0 |= A.

The following lemma states that [r912:] restricted to closed values is equivalent to [z].
LEMMA 5.6. [7] = {w | we [[TQIQ2H} holds for any t, Q1, and Qs.

The definition of [[rQl QZ]] can be rewritten as shown in the following lemma:
LEMMA 5.7. We have
o [r7] = {e € [ty(r)] | AlwaysTerminates(e) A e € [[TW]]}
o [t7] ={e € [ty(r)] | Yw € [ty(r)] .(EvaluatesTo(e,w) = w € [])}
o [t] = {e € [ty(0)] | Aw € [ty(r)] .(EvaluatesTo(e,w) A w € [r])}
o [r7] = {e € [ty(7)] | —(AlwaysTerminates(e)) V e € [[133]}
The following lemma says that refinement types are no more precise than the relation ~:

LEMMA 5.8. Ife ~ ¢’ thene € [A+ o] © ¢’ € [A+ o] forany A and o.

Proor. The statement follows from Lemma 5.7 and the assumption explained in Section 5.1 that
the Godel encoding we adopted is not more precise than the equivalence relation ~. O
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We next define the type subsumption relation [T + o7 <: 03] for guarded intersection and union
types:

13

[0+ o1 <: 03] £ [o1] C [o2]
[xC7,TF oy <t 0] 2 Qw e [e]. [[Lw] /x]T + [Lw] /x] oy <: [Lw] /x]os]
Similarly, we define the subsumption relation [T - 7; <: 3] for refinement types:
[n] < [=]
Qw € [r] . [[Lw] /x]T + [Lw] /x] 71 <: [Lw] /x]z]

We often abbreviate [ + o7 <: 03] and [0 + 7; <: 1] respectively as [o; <: 03] and [r; <: 72]. We
obtain the following properties of the subsumption relations:

1>

[[(Z) T <t Tzﬂ

[[x:Qr,l" Frpo< Tzﬂ

LEMMA 5.9. The following two are equivalent:
o [ATFo <oy
o [L6] (D) F LO] (01) <: L8] (02)] for all value substitutions 0 with 0 |= A.
Also, the following two are equivalent:
e [ATFT <1
o [LO] (D) F L] (r1) <: L8] (r2)] for all value substitutions 6 with 6 |= A.

5.3 Extended Typing Rules

We extend the typing rules by the rules shown in Fig 11 that handle guarded intersection and union
types. The figure also shows the extension of the auxiliary function [+ x : o] to intersection and
union types. Now, having the complete definition of the encoding functions [F x : 7], [F x : 7]
and |T' + ¢ |, we formalize their relationship to the denotational semantics. As shown below, the
encoding functions are related to the semantics as follows.

LEMMA 5.10. |= [[w] /x] LF x : 7] if and only if w € [7].
LEMMA 5.11. Let e be a closed expression. We have |= [|le]|/x] L+ x : o] if and only ife € [o].

LEmMMA 5.12. The following two are equivalent:
o = |AT+ Q]
o |= 10] (T ¢]) for any value substitutions 0 with 6 |= A.

We explain the additional rules for handling guarded intersection and union types shown in
Fig. 11. The auxiliary function CNF in the rule S-V transforms a given type to the conjunctive normal
form. The rule T-REcA generalizes T-PARTIAL and T-ToTAL to guarded intersection types. Thus,
T-RECA can replace the specific rules T-PARTIAL and T-ToTAL. The rule T-VFuNA is for function
variables. We already have the rule T-VFun for them but the rule T-VFUNA can assign the strongest
type of the variable expressed by using the Godel encoding. The type assigned by T-VFuN is in
general not the strongest and insufficient for establishing the relative completeness. The rule
T-GUARDA can introduce a guarded intersection type of an arbitrary expression. The rules S-V, S-A,
and S-AVL are for rearranging a given intersection and union type. For example, we can derive:

xxlx 20l x 20k (x2 1> {yly2x—1)")Aa(x <1 {ylyzx-1}") < {y |y =0}

The rules S-QUAL.L and S-FuN.L (resp. the rules S-GUARDT, S-QUALT, and S-FUNT) are necessary
for relatively-completely deriving subtyping judgements A + o7 <: o3 such that [0(o7)] = 0 (resp.
[6(02)] = [ty(o2)]) for any € |= A. Finally, the rules S-CAst and S-TRaNS can be used to combine
subtyping rules.
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= @97) > AL @i > 10 = @ °7) = A (972 ()9
Fn@=0 0 =@o7) - AL (69 o ()00)
qs‘f’—ifQ'—athengs;/\gsWFelsegsg

frs(@p) € (77} Udom(d) [ |A+ WFORTSY))|
AxQT¢j,fV(])|—e:erij (=1,...,m)
= (T-RECA)
Ak rec(f,x,e): 7
ty(A(x)) # int Adire: 2% (=1,
At % ST s (T-VFuNA) pitein 4 o0 (T-GUARDA)
Fx:S (X,Z;) Are: /\m1(¢1|>1' )
Atoi<o  (=1...49) (S-V) CNF (¢’) = \i_ 0i
AI—\/ L0 <io Avro <:o; (i=1,...,0 (5-1)
-A
|= lAFﬂHF_[Fr:AmlgiJJ Aro<:o
Ar N o< (S-AvL) ty(o1) = ty(oz)
=10i i=+1 _ (S-GuarDT)
A+ o1 <:1LD>oy
ty(o) = int 501 )
-QuaLL .
Arfv| 1) <o ty(o) = int (5-QuaLT)
_ A|—G<:¢>{V|T}Qv
ty(r) =T — int
(S-Fun.)

AT — v 197 <1 ty(r) =T — int (S-FunT)

AI—T<:T—>{V|T}QV

fvs(¢p) € dom(A)

A+ o <:iop A, -+ o1 <: 0y AF o <: o0 AF oy <o
) ’ 1 - 02 2 - 03
(S-CasE) (S-TrANS)
A+ op <0y A+ o <:io3
{ m; & m;
x| =\ A\ [Fxo)
i=1 j=1 i=1 j=1

Fig. 11. The extension of the typing rules and the auxiliary function [F x : o] for intersections and unions.

5.4 Toward Automation

We briefly remark on how one may automate the type checking and type inference for our type
system. Though automated type inference is out of the scope of the present paper, we have
carefully designed the type system to allow a future extension to automated inference, based on
our experiences on developing refinement type inference and related methods [Hashimoto and
Unno 2015; Kobayashi et al. 2011; Kuwahara et al. 2015, 2014; Terauchi 2010; Unno and Kobayashi
2009; Unno et al. 2013].

To develop a practical type checking or inference method, we need to devise a sound approxi-
mation of the Godel encoding used to establish relative completeness (in the rule T-VFuNA and
the auxiliary functions). One possibility is to adopt the approach of [Unno et al. 2013] and use
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as the background theory an efficiently decidable theory such as the quantifier-free first-order
theory of linear integer arithmetic instead of the second-order Peano arithmetic, and employ a less
precise but sound encoding of function values.” Note however that, unlike [Unno et al. 2013], we
also need check the non-emptiness of x € [o] .¢ at Skolemization. For the type semantics that
we defined, this can be difficult when ¢ is a function type. One way to make the non-emptiness
checking practical is to enlarge the domain of functions to arbitrary mathematical higher-order
non-deterministic functions instead of the definable ones. This substantially simplifies the problem
(indeed, the check can then be done by calling the decision procedure for the background theory).
As remarked in Section 5.1, such a change still retains soundness, except that now function-type
variables are assumed to also range over non-definable ones.

We remark that, the type inference requires, besides a sound approximation of the Gédel encoding,
the synthesis of inductive invariants (expressed as dependent refinement types), well-founded
relations (in T-ToTtAaL and T-RecA), and predicates for Skolemization (in T-SKOLEM). A possible
approach to automating such tasks is to leverage constraint solving of existentially-quantified Horn
clauses with well-foundedness constraints, for which existing techniques are available [Beyene
et al. 2013; Hashimoto and Unno 2015; Kuwahara et al. 2015, 2014; Popeea and Rybalchenko 2012;
Unno et al. 2013].

6 META-PROPERTIES OF THE TYPE SYSTEM

This section shows meta-properties of the type system. In Section 6.1, we prove the correctness of
the type complement operator —, thereby proving that the types are closed under complement in
our system. We then prove the soundness and the relative completeness respectively in Sections 6.2
and 6.3.

6.1 Correctness of Complement Types

The correctness is stated and proved using the denotational semantics as follows.

THEOREM 6.1 (CORRECTNESS OF COMPLEMENT TYPES). We have

e For any o and integer substitution p with dom(p) = fvs(c), [p(=0)] = [ty(o)] \ [p(o)] holds.
e For any t and integer substitution p with dom(p) = fvs(z), [p(=1)] = [ty()] \ [p(7)] holds.

Proor. By mutual induction on the structure of ¢ and 7.

e Case o = 7212: Let p be an integer substitution with dom(p) = fvs(c). By LH., we obtain
[p(=7)] = [ty()] \ [p(7)]. We then have

[p(-0)] = [(p(=r)) @]
= (e € [ty(p(-1))] | Q17 € Z®.Qz7 € Pref(m).Q.w € {w | e = wlwe [p(=0)]}

= (e € [ty(D)] | ~(Qux € Z° .y € Pref(x).Qpw € {w | & = wh.w € [p(0)])}
= [ty(a)] \ [p(0)]

e Case 0 = ¢ > 0”: Let p be an integer substitution with dom(p) = fvs(c). By LH., we obtain
[p(=o")] = [ty(e")] \ [p(c")]. If = p($) holds, we get

[p(=0)] = [p(=¢) > {x | 1}7] N [p(=0")] = [p(=0")] = [ty(a)] \ [p(")] = [ty()] \ [p(0)]

"The approximation is motivated by the observation that programmers rarely write programs whose correctness relies
heavily on function-type arguments.
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Otherwise (i.e., |= p(=¢)), we have
[o(=0)] = [p(=¢) > x| L}7] 0 [p(=0")] = 0 = [ty(0)] \ [ty(c")] = [ty()] \ [p(o)]

e Caseo = le /\j | 0ij: Let p be an integer substitution with dom(p) = fvs(c). By LH., we

obtain [p(=oy;)] = [ty(oi;)] \ [p(oij)]. We then have

i £ [ m;
DNF(/\ p(=oi ) = ﬂ (U ([[ty(Cfij)]] \ [[p(O'ij)]])

i=1 j i=1\j=1

[y@)]\ | (ﬂ [[p(ai»ﬂ) = [ty(@)]\ [p(e)]

i=1 \ j=1

3

[p(=0)]

I\
—

e Case 7 = {x | @}: Let p be an integer substitution with dom(p) = fvs(r). We then have

[p(=0)] = [{x | =p@)}] = [ty \ [p(D)].
e Case 7 = ((x:97’) — 0): Let p be an integer substitution with dom(p) = fvs(r). By LH., we
obtain [p’(=0)] = [ty(a)] \ [p’(c)] for any p’ with dom(p’) = fvs(c). We thus get

[p=0)] = [:2p(e") = p(-0)]
= {we [t(p(r) = p(=o)] | Qw’ € [p(x")] .w W’ € [[[w'] /x] p(=0)]}

= {we [ty(D)] | ~(Qw’ € [p(z)].ww’ € [[Lw'] /x] p(o)])}
= [ty(D)]\ [p(2)]

6.2 Soundness

We now prove the soundness of our type system with respect to the denotational semantics. We
first show the necessary lemmas.

The following lemmas are used respectively to establish the soundness of the subtyping rules
S-GUARD, S-QuaL, S-FunVV, S-FunV3, S-Fundd, and S-Fun3Vv.

LEMMA 6.2. Hd)l > o <t g{)z > (72]] lf|= g{)z = ¢1 and [[O'l <: 0'2]].
LEMMA 6.3. [[TIQlQI < TZQZQZH if [r1 <: 7] and 0,Q! T 0,0
LEMMA 6.4. [[(x:vrl) - o <: (x:'1p) = azﬂ if [r2 <: 71] and [[x:vrz ko < 02]].

LEMMA 6.5. [[(x:vrl) - o < (x:7n) - crg]] if [r <: o], [t <: 2], and [[x:ar ko < 62]] for
someT.

LEMMA 6.6. [[(x:ﬂz'l) - o < (x:7n) - 0'2] if[t1 <: 2] and [[x:vrl Fop < 0'2]].

LEMMA 6.7. [[(x:ﬂz'l) o < (y:"n) - 0'2]] if the following conditions hold:

= lxl VThxz sz,yl VTl,yzivfz FX1=X2AY1 =Y = x1 = le,
X: Vn,y T2, X =Yk oy <0y,

x: 1,y X EYF o < T—>{V|J_}
Ty, X7, % # yF T — {v] T} <: 09, and

y v
(0'1) =T — int.

We thus obtain the soundness of the subtyping rules with respect to the subsumption relations.
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LEMMA 6.8 (SOUNDNESS OF SUBTYPING). We have:
° [[Fl—al <IO'2H l.fFFGI <: 03.
o [Trtr <n]ifTtr <.

We next show lemmas that are used to establish the soundness of the typing rules T-PARTIAL,
T-TotaL, and T-REcA for recursive functions. The following lemma provides a sufficient condition
for a recursive function to be included in the denotation of a partial correctness function type.

LEMMA 6.9. Suppose that e € [[f:é?,f STp b TQV]]. Then, rec(f,x,e) € [[Tf]], where 77 = (f:é
7T) - 79V,
Next, we state the sufficient condition for a recursive function to be included in the denotation
of a total correctness function type.
LEMMA 6.10. Letts andr)é be types of the form ty = (f:é?) — 9 and z’}i = (’y’:é?’) — ¢ ()97
that satisfy the following condition
o {x}ni{y} =0
o 77 = (1:97) - ()97
o |= WF(Axy.4); and
e fus(¢) < {x.7}.
Then, e € [[f:Q?,f : TJ} F TQH]] implies rec(f,x,e) € [[Tf]].
For guarded intersection types, we get the following generalization of Lemmas 6.9 and 6.10.
LjEMMA 6.11. Let 7y and T}j) be types of the form rp = (f:éﬂ - AL (¢ > Tl.QiQ;) and r}j) =
U:C7") - /\lf'il(gbgj) > (Ti’)QiQE) that satisfy the following condition:
o {x}ni{y} =0;
o 7 = @OF) > AL, (¢ > ()99);
o ¢V =g A gV ifQ; = A and ¢ = ¢} otherwise;
o | |AF WFOEG.HY)) |: and
o fus(@iye) € ({%.9) U dom(d)).
Then, we have rec(f,x,e) € [[Tf]] ifee [[E:é?,qﬁj,f : r;j) F TJ.Qij]] foreachje{1,...,m}.
Finally, we obtain the following soundness theorem by induction on the derivation of T + e : o.

THEOREM 6.12 (SOUNDNESS). e € [T+ o] if T +e: 0.

6.3 Relative Completeness

We prove the relative completeness of our type system with respect to the denotational semantics.
We first show the necessary lemmas.

The following lemma ensures that we can always apply Skolemization first to eliminate existen-
tially bound variables.

LEMMA 6.13 (SKOLEMIZATION). Ife € [A,x:77,T v o], then there exists ¢ with fvs(9) C (fvs(A) U
{x}) such thate € [[A,x:vr,¢,r F o]] and |= [A,x:ar F ¢J

ProoF. Suppose that e € [A,x:77,T + o]. By Lemma 5.5, we get 3w € [10] ()] .[w/x](0(e)) €
[L6] (T) + [Lw] /x](L6] (o))] for any value substitution 6 with 6 |= A. There exists ¢ with fvs(¢) C
(dom(A) U {x}) such that:
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o Yw e [LO] (0)] . = [Lw] /x](LO] (¢)) = [w/x](6(e)) € [LO] (T) + [Lw] /x](LO] (0))] and
e dw e [LO] ()] . & [Lw] /x](LO] (¢)) for any value substitution 6 with 6 |= A

By Lemma 5.5, we obtain e € [[A,x:vr,gé,r F aﬂ . By Lemma 5.12, we get |= [A,x:ar F (/’)J O

The following lemmas are used respectively to establish the relative completeness of the subtyping
rules S-GUARD, S-QUAL L, S-QUALT, S-QuaL, S-FunYV, S-FunV3, S-Fund3, and S-FunV.?

LEMMA 6.14. If 0 # [¢1 > 01] C [¢p2 > 02] # [ty(02)], then |= ¢2 = ¢ and [o1 <: 02].
LEMMA 6.15. Ifﬂ{x | ¢}Q1Q2]] =0, then |= ~¢ and Q; = 3

LEMMA 6.16. If[[{x | g{)}QlQZ]] = [int], then |= ¢ and Q; =V

LEmMMA 6.17. If 0 # [[ QIQI]] c [[TzQZQé]] # [ty(r)], then [1; <: 1] and 01Q] T Q. Q,.

LemMa 6.18. If0 # [(x:'r) > 01 € [(x:"n) = oa] # {w]|ks w:ty(r) - ty(02)}, then
[r2 <: 71] and [[XZVTZ Fop < 0'2]].

LEMMA 6.19. If 0 # [[(x:vrl) - alﬂ c [[(XIHTZ) - ozﬂ # {w|rs w:ty(rz) — ty(os)}, then
[t <: ], [r <: 2], and [x:77 v 0y <: 03] for some .

LEMMA 6.20. If ) # [[(x:afl) - 01]] c [[(Xlafz) - O'gﬂ # {w|rs w: ty(ra) — ty(oz)}, then
[r1 <: 2] and [[x:vrl Fop < 02]].

LEmMA 6.21. If O + [[(x:ﬂz'l) - alﬂ c [[(y:vrg) - (72]] #{w| ks w:ty(rz) - ty(o2)}, then the
following conditions hold:

— .V v v v — — —
° = l T, X208 T2, Y10 T, Y2t o B X1 = X2 A Y1 = Yo = X1 = 91J,

e X: le,y T, X =Yy ko <t 0'2,

oxvrl,yarz,xiyi—al <: T—>{v|J_}
ey x o, xFyr T - (v | T <oy, and
o ty(o1) =T — int.
We then obtain the following relative completeness of the subtyping rules with respect to the
subsumption relations.
LEMMA 6.22 (RELATIVE COMPLETENESS OF SUBTYPING). We have:
e At Ty <ZT2if[[Al—T1 <ZT2H.
e Atoy <o if[A+ o1 <:0s].

The following lemma states the correctness of the strongest type ST(e; p).

LEMMA 6.23. Suppose that e € [A v o] for some o = x:97) - VA (qS,] Q” ”) Let
{p} = {p liefl,....00,je{l,....m;i},Q;; =A,5y; = {v |p(97,v)}}. We have [A+ ST(e,[}) <:a].

The following lemma says that the typing rules can in fact assign the strongest type ST(e; p) to
any simply-typed expression e.

LEMMA 6.24. Suppose that Ak e : T - int for some A and T. We then have A + e : ST(e; p) for
any A and p such that ty(A) = A, and each element p of p is well-formed (i.e., the arity of p is |T| + 1
and fvs(p) € dom(A)).
8To prove the lemmas, we use an extension of the denotational semantics of types that ranges over £-definable expressions
that may use the operators ev and |J.
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Finally, we obtain the following relative completeness theorem.
THEOREM 6.25 (RELATIVE COMPLETENESS). I F e : o ife € [T + o].

Proor. By the rule T-SkoLEM and Lemma 6.13, it suffices to show that A e : ¢ is implied by
e € [A + o] for any A. By Lemmas 6.23 and 6.22, we obtain A + ST(e; p) <: o for some well-formed
p. By Lemma 6.24 and the rule T-Sus, we get A + e : 0. |

7 RELATED WORK

This paper proposes a refinement-type-based approach to verifying non-deterministic higher-order
functional programs. The type system combines universal and existential reasoning in a unified
framework, and is able to soundly-and-relatively-completely verify various important classes of
properties including safety, non-safety, conditional termination, and conditional non-termination.
To our knowledge, our work is the first of its kind.

As remarked in Section 1, previous work on higher-order program verification employs rather
disparate methods to verify different classes of properties [Hashimoto and Unno 2015; Jhala et al.
2011; Kobayashi et al. 2011; Koskinen and Terauchi 2014; Kuwahara et al. 2015, 2014; Murase et al.
2016; Ong and Ramsay 2011; Rondon et al. 2008; Terauchi 2010; Unno and Kobayashi 2009; Unno
et al. 2013; Vazou et al. 2014; Zhu and Jagannathan 2013; Zhu et al. 2015]. To our knowledge, there
has only been a limited consideration for combined universal and existential reasoning in the
setting of higher-order program verification (with a few notable exceptions such as the use of
safety to prove non-termination by way of iterative predicate abstraction and higher-order model
checking in [Kuwahara et al. 2015]). By contrast, we have proposed a unified type-based framework
in which the type judgements expressing universal and existential facts can be readily combined
as sub-derivations to derive the goal fact. As demonstrated in Section 2, the seamless combined
reasoning offers powerful verification tactics that permit succinct proofs of non-trivial verification
instances.

In the context of verification of programs with first-order functions and procedures, previous
work has considered combining universal and existential reasoning [Ball et al. 2005; Godefroid and
Huth 2005; Godefroid et al. 2001, 2010; Gurfinkel and Chechik 2006; Gurfinkel et al. 2006, 2008]. (In
the literature, universal-existential reasoning is sometimes referred to as may-must.) However, to
our knowledge, no previous work covers the combination patterns of this paper nor proposes a
unified deduction system to carry out the combined reasoning. For instance, [Godefroid et al. 2001]
proposes a safety and non-safety property verification method for first-order programs that allows a
combined use of may function summaries and must function summaries. May summaries correspond

to the types of the form (x:77) — 777 of our type system (where 7 and 7 are restricted to base
types), whereas must summaries say that, for every state satisfying the postcondition, there is a
state satisfying the precondition and an evaluation of the function from the pre state that converges
to the post state. Their approach does not have notions corresponding to the other modes supported
by our system. Therefore, for example, their approach cannot use a conditional termination proof
via well-foundedness termination argument to deduce the existence of an evaluation path satisfying
a certain fact, as we have done in Example 2.1 and Example 2.2. Such reasoning is also beyond the
scope of the approaches proposed in [Gurfinkel and Chechik 2006; Gurfinkel et al. 2006, 2008]. On
the other hand, our system lacks an exact counterpart of their must summaries, and we leave for
future work to investigate the implications of incorporating such a notion.’”

9However, must summaries are only built from concrete evaluation paths and used as such in [Godefroid et al. 2001], and it

El

is possible to do the examples in their paper with our system by using the types of the form (¥:77) — 777 in place of must

summaries.
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The combined universal and existential reasoning is often considered in the context of verifying
temporal logic properties [Beyene et al. 2013; Cook et al. 2015; Cook and Koskinen 2013; Gabbay
and Pnueli 2008; Godefroid and Huth 2005; Godefroid et al. 2001; Shoham and Grumberg 2004, 2007].
This is because such properties can themselves be a combination of safety and liveness properties,
or contain alternations of universal and existential branches (for branching logics). Compared to
our work that handle higher-order and non-deterministic programs, these works typically focus on
much simpler transition systems but handle richer temporal properties.'® Similar to our work, they
reason about AG and AF based on inductive invariants and well-founded relations, and some have
rules for reasoning about EG and EF via Skolemization [Cook et al. 2015; Cook and Koskinen 2013].
We generalize such reasoning to the higher-order setting using refinement types and well-founded
relations over (Godel encoded) higher-type objects. An advantage of our system, especially in the
context of expressive programming languages like higher-order functional languages, is that it
allows modular reasoning thanks to the compositional nature of the type system.

By contrast, the existing work on temporal logic property verification for higher-order programs
has paid little attention to the combined reasoning aspect. For instance, the method proposed by
[Murase et al. 2016] applies the automata-theoretic reduction to convert the verification problem
wholly to a fair termination problem, and the method proposed by [Koskinen and Terauchi 2014]
considers only one-sided “blackbox” combination patterns that connect external oracle analyses’
results to their type and effect system (also, neither approach addresses branching logics).!! Our
current system does not support temporal logics. Nonetheless, we believe that the ideas developed
in this paper will contribute to improving the methods for verifying temporal logic properties
of higher-order programs. We leave for future work to extend our approach to the full range of
temporal logic properties.

The previous work has proposed dependent refinement type systems for partial and total correct-
ness verification [Bengtson et al. 2011; Rondon et al. 2008; Swamy et al. 2011, 2016; Terauchi 2010;
Unno and Kobayashi 2009; Vazou et al. 2014; Xi 2001]. The majority of such works only address
partial correctness, with [Swamy et al. 2016; Vazou et al. 2014; Xi 2001] being the exception that also
address total correctness (or just termination). Total correctness is verified via typing rules similar to
the ones of our work. Also, while many of them (often implicitly) support demonic non-determinism,
to our knowledge, none of them supports angelic non-determinism. We remark that the complexity
of our type system is mainly due to supporting (1) angelic non-determinism, (2) the combined
universal and existential reasoning, and (3) relative completeness. If we drop the support for (1),
then our system can be simplified by removing the existential bindings in the type environment
and the arguments of function types, and removing the rules T-Rnp, T-SkoLEM, and T-App3. If we
drop (2), then our system can be further simplified by removing the rules S-Quat, S-FunV3, and
S-Fun3V. And, if we drop (3), then we can remove Godel encoding, guarded intersection and union
types, and the additional rules from Section 5 for handling them.

Our type system is sound and relatively-complete. The well-known issue in achieving relative
completeness for higher-order programs is the representation of function-type parameters. Fol-
lowing the previous work on relatively complete verification of higher-order programs [Damm
and Josko 1983; German et al. 1983, 1989; Goerdt 1985; Honda et al. 2006; Olderog 1984; Reus
and Streicher 2011; Unno et al. 2013], we completely handle function parameters by encoding
them as first-order data ([Unno et al. 2013] shows how such a formalism can be made practical

1%Tn the terminology of temporal logics, the specifications in our system are limited to the forms p = AGgq, p = AFq,
p = EGq,and p = EFq.

11Sound and complete verification methods exist for finite-data higher-order programs (i.e., higher-order recursion schemes)
for the expressive class of (branching) modal pi-calculus [Kobayashi and Ong 2009; Ong 2006]. However, it is unclear how
such methods may be adopted to infinite data programs.
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for automation by avoiding explicit encoding). However, while the previous work only considered
safety properties (i.e., partial correctness), our system is sound and relatively-complete also for
non-safety, conditional termination and conditional non-termination.

8 CONCLUSION

We have presented a novel type system for verification of non-deterministic higher-order functional
programs. The type system is a dependent refinement type system extended to support universal and
existential reasoning, and is sound and relatively-complete for the verification of various important
classes of properties including safety, non-safety, conditional termination, and conditional non-
termination. We have shown that the type system allows combined universal and existential
reasoning, which can lead to succinct proofs of hard verification instances. We believe that this
work will serve as a theoretical foundation toward automatic verification of non-deterministic
higher-order programs, and also pave the way for new verification methods that combine universal
and existential reasoning.
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